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In his investigations on stability of motion Liapunov [1] proceeded with Lagrange's equ-
ations in independent determining coordinates which describe the metion o! holonomic
systems, It is known that Liapunov's theory of stability, developed through the efforts of
many scientists, achieved great sucess [ 2], At the same time the problen: of stability of
motion of nonholonomic systems has been developed insufficiently, even though starting
with the work of Whittaker [ 4] and Bottema [ 4] a fairly large amount of literature is
devoted to this subject; in particular the problem of stability of equilibrium under the
action of potential forces is almost completely uninvestigated. In many papers on stah-~
ity of nonholonomic systems not only a unified approach to the problem is absent, but
frequently also inconsistencies in the method of investigation and even in resulis are
encountered {for more details see introduction to paper [5]. Yet, problems of stability
for nonholonomic systems have the character of problems of conditional stability in the
sense of Liapunov, This circumstance was apparently first noted by Chetaev (page 384,
1.

In this paper, after presentation of the general formulation of the problem, the quest~
ion of stability and instability of equilibrium in nonholonomic systems under the action
of potential forces is studied. In particular the conditions for applicability of Lagrange’s
theorem on stability of equilibrium are clucidated, The effect of dissipative forces on
stability of equilibrium in nonholonomic systems is also examined. In conchision two
illustrative examples are presented,

1, Let usexamine a system of material points. Independent Lagrange coordinates
of this system are designated by ¢ ... - Let the system be constrained by 7 ideal
nonintegrable linear constraints ¢ rhe form
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Possible displacements of points of the system are determined by variations 8¢, of
Lagrange coordinates ¢;, connected by the following relationships
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Equations of motions of nonholonomic systems are obtained in various forms, For the
sake of definiteness (but without lim: -tions of generality) we shall examine the equation
in the form of Appel
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Here S = 8 (¢, -« 415 Gis-r Qs Quo---»Gn. 1) is the energy of acceleration,
@, * are generalized forces corresponding to coordinates @ , the variations of which are
arbitrary; in this connection ¢ J(,j: 1,...,7) designate generalized Lagrange forces
corresponding to coorainates ¢ j.

Egs, (1.3), together with equations of constraints (1, 1), represent a simultaneous syst-
em of %+ =7 equations with an equal number of unknowns ¢ 4 (J=1,...,7),

We note that regardless of the form in which the equations of motion of nonholonomic

systemns are taken, in the form of (1, 3) or some other form, for obtaining a closed system
of equations it is necessary to add equations of kinematic constraints to equations of mo-

tion, This is one of characteristic differences of nonholonomic systems from holonomic
systems with independent coordinates which determine the specifics of formulation of
the problem on stability of motion.

Let us assume that the equations of motion of tiie nonnolonomic system have some

particular solution g = fi (), = f; () (1.4)
which satisfies initial conditions
o = 1 (to), Qi = 1i (o) (1.9)

We shall compare unperturbed motion (1, 4) with perturbed motions of the system
which are possible for the same forces and constraints but for different initial conditions
Q‘:fj(o)+€i, Gio = fi (t) + &' (1.6)
where perturbations € and € J are some real constants sufficiently small in absolute
value, However, in constrast to the case of a holonomic system, perturbations €, and 64 H

cannot be taken as arbitrary but must satisfy certain conditions arising from conditions
due to the nonholonomic character, In fact, substituting (1, 6) into (1, 1) we shall have

k
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Assuming functions b,; (qy,..., ¢, t;) and b, (gy,..., gn, &) to be holomorphic
functions of ¢ ; and expanding them in Taylor series, we obtain

zzb,i(fs(to).to)ei'w'—é En( ) £ (to) & + 2(89 ) &t (A7)
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which connect €, and € J'; dots designate members higher than first order of smallness
with respect to perturbations,

The problem of stability of motion in the sense of Liapunov for nonholonomic systems
can apparently be formulated in the same manner as for holonomic systems [1 and 2}
under the condition that perturbations €, and €, sausfy conditions (1. 7). Consequently
the problem of stability of motion of a nonholonomic system has the character of the
problem on conditional stability [ 2].

If we accept for nonholonomic systems the determination of conditional stability
given by Liapunov, we can for the solution of problems on stability of motion of non-
holonomic systems in this manner utilize methods which were worked out in the tneory of
stability of holonomic systems, In this case proofs of general theorems on stability and
instability which form the basis of the first and second method of Liapunov remain the
same for nonholonomic systems as they are for for holonomic systems,

2. Let us examine the problem of stability of equilibrium of a system constrained
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by stationary nonholonomic constraints

gr. = 21 “{}ri (ql’ et Qn} qi. (r=4%k =-1,..,1) (2,?)

and under the action of potential active forces derived from the force function
dgy.een@nd

In accordance with the principle of virtual displacements it is necessary and suffic-
ient for the equilibrium of the system that the force function U has a stationary value

8U = 0 (2.2)

ie, in the set of possible displacements & ; the force function in the equilibrium pos-
ition has a relative local extremum. For holonomic systems the character of ihis extre-
mum determines, as is well known [2], the stability or instability of the equilibrium, We
shall ctarify the situation in the case of nonholonomic systems,

By virtue of (1, 2) condition (2, 2) is equivalent to the following Egs, of equilibrium;

Q= dql+ Z br,a =0 (i=1.. .,k (2.3)
r=X-+1

These equations can of course also be obtained from Egs. of metion (1, 3). Since the
number 7; of unknowns ¢ 4 in Egs, (2, 3) exceeds the number k of equations by the num
ber 7 of nonholonomic constraints, the problem of searching for the equilibrium position
of the nonholonomic system is generally speaking undetermined [ 5], locations of equi-
librium form manifolds of dimension no less than 7 Let us examine some point of the
manifold of equilibrium positions and without loss of generality let us assume that for
this point g, = 0, ¢/ =0 G=1,...,n) (2.4)

Further we shall assume that the force function U {g,,..., ¢n) represents a holomor-
phic function of variables ¢ ;, In the general case in the vicinity of point (2. 4) it has
the form

U= 2 a;9; + 5 2 2 €,4:9; +F (g q,) (2.5)

ij=1

Here g;;, ¢;; = ¢;; are constants, while u (gy,..., ¢,) designates the total of terms
of higher than second order of smallness, Taking into account (2. 5) Egs. of equilibrium
(2. 3) assume the form

n n Ou
Qi =a;+ 3 cij.qj—}— v+ 2 (ar + 3 60, + @:)bﬂ =0 (2.6)

=1 r=k+1 =1

Since it is assumed that point (2. 4) belongs to a3 manifold of equilibrium positions,
the following conditions must be satisfied

a;+ 2 @b S=0 (i=1,...,k, b’ =b4(0,...,00  (2.9)
r=h-+1

It is apparent that if @, = 0 or 4,°= 0(i= 1,..., k; r= k + 1,..., n), then
aiso ali g, = (. If the latter condmon is not fulfilled, this can be achieved by sub-

stitution of variables u, =g, — ,-21 b.oq,  (r=k 1. (2.8)
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In this case if variables U, are again designated through ¢y, the force function will
have the form (2, 5) where now all a; = 0 (i = 1,..., k). The equations of constraints
will have the form (2.1), where [6]all b,° = 0 (r = k 4+ 1,..., n). In the following,
if for initial variables B, ;C #0, we shall assume that the substitution of variables (2, 8)
has been performed

Note, In the fulfiliment of conditions (2.7) the nonholonomic system may be in
equilibrium under the action of forces derived from function { which contains terms
linear with respect to ¢ y, For a holonomic system with independent coordinates g,
such a case of equilibrium is impossible,

Let us assume that the functional determinant of the systém of Egs, (2, 6) with respect

to variables ¢;(i = 1, .. ., k) for zero values of variables ¢;(f = 1, ..., n) has the form
o= 4% Q) gQ(;] — qQk;f*) =le+ ) arbm. +0 (2.9)
Here, for brevity, the following notations are introduced
bri; = (0by; [ 8q;5)0 =1 .., kj=1,..,nr=k+1,...,n)
Then the following solution for Egs. (2. 6) exists
=9 (Qhsrr oo qn) (=1, .., k) (2.10)

where (01 are some holomorphic functions of @, which disappear when all ¢, = 0
(r =k -1, .., n). Since Egs, (2,1) for ¢; = 0 (i = 1, ..., k) have the solution

gp = Cp (r=k+41, ..., n) (2.11)
where Cp are arbitrary constants then, apparently, equilibrium (2. 4) will belong to 7
parametric family of solutions (2. 10) and (2. 11) of equations of motion,

Solution (2. 4) will be taken as the unperturbed solution and its stability will be exam-
ined: equations of perturbed flow will have the form (1. 3),(2.1). Let us examine their
structure, For this purpose instead of using Eqs. (1, 3) it is more convenient to make use
of equivalent equations in the form of Voronets ['7J.

d 38 _3@+U) o 3(64U) ) :
P M P b 0 b,; = Z EA,, a; (i=1,...,k)
r=k-1 r=k4+1  j=1

|k (2.12)

001 o tni a0 ) =5 D) @ii(gn, -, 0n) 04°95
ij=1

denotes the kinetic energy of the system 7 expressed with the aid of Eqs. of constraints
(2. 1) only through independent velocities ¢;'(i = 1,.. . ., k), through which generalized
impulses O, corresponding to dependent velocities g r, are also expressed

. . oT
er(qlw--:Qn:qu“-,qk):Ea': (r=k+1r"'in)

Apparently 8, are linear homogeneous forms of velocities g1 in the examined case
with stationary constraints (2,1), The coefficients 4;;" are expressed in the following
manner through the coefficients b,i of the equaﬁons of constraints

n n
l") Z 3bn ?_Ii_ . Z 9b,; b
dq; dq st
s=k+1 s=k-+1 8

Since the coefficients Ai(’.’) are antisymmerric with respect to indices £ and J
4(") — A
31
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the following identity is applicable

n 3

Sob N g

R T
i.e, terms appearing in the right-hand parts of £qs, (2.12) have gyroscopic sir..cture,
If Egs. of constraints (2, 1) are integrable then all
_.1“(') 0 (i, 7= 1, ..., kyoro Lo om
and Eqs, (2, 12) transform into Lagrange equations in redundant coord'inates. In this
manner terms of nonholonomic character in the right-hand side of Eqs, (2. 12) are equi-
valent to gyroscopic forces. It is only necessary to keep in mind that tirese forces in this
case are quadratic with respect to velocities ¢, and if equations of perturbed motion are
linearized, they will not appear in the latter, i, e. in the first approximation they have no
effect on the motion of the system. In the particular case of Chaplygin's systems [8], if
coordinates ¢ . corresponding to eliminated velocities do not enter explicitly into ex-
pressions of force function I/, of coefficients of kinetic energy 1’ and of coefficients &y
of constraint equations, then Eqs. (2,12) take the form of Chaplygin's equations
R 7 i
IR 2 8, 2 A5y R ES
Y| =

Since these equations can be integrated independently of Egs, of constraints (2. 1),
for Chaplygin's systems the problem of stability of motion with respect to certain func-
tions ¢;, q;7, £ (i == 1, ..., k) can be formulated as problem of unconditional stability
in the sense of Liapunov.

It is not difficult to see that for stationary constraints and potential forces, Eqs, of
perturbed motion (1, 3) or (2. 12) and (2, 1) assume the energy integral as

H=T-—-U=const o H=0.—U= const (2.14)

The kinetic energy of system I’ (or ®) is a positive definite quadratic form in the vel-
ocities ¢ i (or g{ ). We note that by virtue of existence of integral (2. 14) the position
of equilibrium of a nonholonomic system cannot be asymptotically stable under the in-
fluence of potential forces alone,

Under certain conditions Lagrange's theorem of stability of equilibrium is applicable
to nonholonomic systems, In fact, for point (2. 4) let the following conditions be satis-

fied 0[] / aq] —_ O (a“ RPN H) (2.15)

indicating that the position of equilibrium of the system is a stationary point of the func-
tion I (gy,..., ¢»)- In this connection the function / apparently does not contain terms
linearin @ p,i.e. all Qp= 0. Under these conditions on the basis of Liapunov's theorem
of stability or on the basis of the theorem of stability with respect to a part of variables
[9 ] taking as Liapunov's function the energy of the system # we become convinced that
for nonholonomic systems Lagrange’s theorem is applicable,

Theorem 2.1, Ifin the vicinity of the location of equilibrium of a nonholonomic
system the force function U (gy,..., gn) is negative definite with respect to variables
gs (s= 1,..., p<Cn), then the position of equilibrium is stable with respect to

o andqs (J=1.....20%



Stability of motion of nonholonomic systems 2817

In essence this theorem is obvious, In fact, if nonintegrable constraints coincident
with the position of equilibrium are placed on a holonomic system in a stable state of
equilibrium, the stability is not violated. However a nonholonomic system can be in
stable equilibrium even in cases when the force function in the equilibrium position does
not have a maximum with respect to coordinates ¢ y, in particular when it contains linear
terms. Let us see what conclusion about stability of equilibrium can be extracted in this
case from the sign of second variation of force function U/.

Utilizing Eqs, (1.2) and taking into account that },,° = 0, we find for point (2.4)

)
1
88U = Z cijbqiéqj (2.16)
ije=1

Let us examine function V/=@* {* where @ and U* designate function® and Uif in the
latter all variables g, = O (r=k + 1,..., n)

O* (Groeees Qis @1'seees Q) = O (Guyevs @iy Ovevey 0, @i'een gy,
U* (ql""l qk) =U (ql.-- qy, O,--. 0)

Expansion of function J* in Maclaurin's series in the vicinity of point (2. 4) starts with
a quadratic form, where

82U* = 68U

By virtue of Eqs, of perturbed motion (2, 12) in which we set g,= 0, the time derivative
of function ['is

k n
. . 8(8 LU)
V=214 = b 2.47

§1q 1'=§+1[ 94, ]qr=0 (2.17)

This expression is equal to zero with accuracy to terms of not lower than third order
of smallness with respect to ¢'; and ¢ i, at least in cases when the force function {/does
not contain linear terms with respect to g ,,

o
“r=(a_qr)0=0 (r=k+1,...,n) (2.18)

or when coefficients 8,1 of Egs. of constraints (2, 1) satisfy conditions

. [ 0b, , ,
by = aq;}(): 0 (=tenki=t,..okir=k+1,...,n (219)

Taking I/ as Liapunov’s function, we arrive on the basis of Liapunov's theorem on sta-
bility at the conclusion that the following theorem is valid,

Theorem 2. 2, If in equilibrium position (2. 4) of a nonholonomic system condit~
ions (2. 18) or (2. 19) are satisfied and the second variation 8° {/of the force function
is negative definite, the position of equilibrium is stable in the first approximation with
respect to ¢y and gy,

Corollary, When conditions (2,18) or (2.19) are fulfilled the nonholonomic char~
acter of the system does not have essential significance for small oscillations near the
equilibrium position,

Note, A statement about the insignificance of nonholonomic character for small os-
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cillations near the position of equilibrium was shown by Whittaker [3] without any condi~
tions, even though, from his development it might be seen that he implicity assumed the
fulfillment of conditions of the form (2,18), In the general case, as was first noted by
Bottema [4], this statement is not correct, Here the corresponding characteristic determ-
ant will be unsymetrical in contrast to the case of a holonomic system,

We shall now turn to the examination of the question of instability of equilibrium of
a nonholonomic system under the action of potential forces, Let, in an arbitrarily small
region in the vicinity of equilibrium position (2, 4), the force function I/be able to assume
positive values and in the equilibrium position /=0, In this connection it is assumed
that for a given value of the largest permissible deviation 4, positions arbitrarily close to
the unperturbed position, for which >0, are possible with consideration of constraints
(2, 1) placed on the system,

Let us examine the function

90
= ~11‘\_5 5
=1
In the region of small values in absolute magnitude of coordinates § ; and velocities
q; 3 we select a region Cwhich ezqsts under our assumptions for arbitrarily small, in absol-
ute magnitude, values of ¢ y and @ j, This region (s defined by simultaneous inequal-
ities
H <0, ; 28 g0 (2.20)

i:1 9,

The total derivative with respect to time of the function # has, by virtue of Eqs, of
perturbed motion (2, 12), the form

e Sforde g it 3, e+

Pemf-1

+ Z Z 1 “‘quq]%Zszb + Z a;r ﬂ

i, J-“’fr—ﬂ 1 ra=k-1

Since constraintisptaced on the system are assumed to be independent of time, the
kinetic energy of system @ represents a positive definite function of g; . For values of
coordinates ¢ ; , sufficiently small in absolute magnitude, the function

k

E
04302+ N Phe N N 4000
i=1

Hl I zﬁiww

will also be positive definite with respect to velocities g3, Then, if in region (' Express-
ion %

2 0 G+ S o o bri) (2.21)

i=1 ra=heil

will be a positive definite function of ¢y, the function #* will be a positive definite
function of g4 and ¢ fn the region (', In this connection all conditions of Chetaev's
theorem on instability will be fulfilled, On this basis we conclude that the following
theorem is valid,

Theorem 2, 3, Ifin an arbitrarily small region in the vicinity of the position of



Stability of motion of nonholonomic systems 289

equilibrium of a nonholonomic system the force function ' can assume positive values,
whereby Expression (2, 21) in region (2, 20) is a positive definite function ofg , the pos-
ition of equilibrium is unstable with respect to g3 and gj.

Cotrollary, If the force function does not depend on coordinates g , the position
of equilibrium (2, 4) of the nonholonomic system is unstable when [2]:

a) the force function U/ represents some homogeneous form U’ of degree pin variables
q: (i=1,..., k) and for arbitrarily small, in absolute magnitude, values of variables gy
it can assume positive values or

b) the force function has the form U (gy,-.., qx) = Up + Uy 4 -~ ... and for arp-
itrarily small ¢; ({ = 1,..., k)it can assume positive values, Here the signs of express-
ions 7 and pU, + (p + 1)U, +... are determined by the form of U, We proceed
to the examination of the case when in an arbitrarily small region in the vicinity of the
equilibrium position the function '* can assume positive values, Let us examine the
function

— (&% — U*)ZJ "9
1‘1 4
and the region of arbitrarily small, in absolute magnitude, values ¢4 and g;. This region
is defined by the simultaneous inequalities

0* — U* <0, o q1> 0 (2.22)
:--1
By virtue of Eqgs, (2.12) of perturbed flow in which we take ¢, =, the total derivative
of the function # with respect to time is

k

W= — (e — U*>{2@+Z (57 + %,1 b+ 200 3 A0 +
r r ij=
h n
+2 o ‘”}q,=o‘ 3 ol 3 5]

On the basis of Chetaev's theorem on instability we arrive at the conclusion that the
following theorem is valid, '

Theorem 2, 4, If the second variation 8°U of the force function can assume pos-
itive values and conditions (2. 18) or (2. 19) are satisfied, the position of equilibrium is
unstable,

3. Let us examirte the effect of dissipative forces on stability of equilibrium position
of a nonholonomic system, In addition to potential forces let dissipative forces also act

on the system .
Q= —0f]dq; (i=1,..,k) (3.1)

These forces are derived from a positive definite Rayleigh fumetion
k

2f = iz *i:q;"

In this case the equations of perturbed motion of the system near the equilibrium pos-
ition differ from Eqs, (2,12) only by the addition of terms (3 1) in the right-hand parts
of the latter,

From equations of perturbed flow the following Eq,
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d
dt

O —U)=—2f (3.2)

follows for the rate of energy dissipation of the system,

Theorem 3,1, When conditions of Theorem 2,1 or 2, 2 are satisfied, dissipative
forces do not violate the stability of the equilibrium position of the system.

Proof, If conditions of Theorems 2,1 or 2, 2 are satisfied, then the vaiiv ity of this
statement follows from Liapunov's theorem on stability, if in the first case £~ -Uis taken
as Liapunov's function and in the selcond case [/=8+*{/* Here, instead of Eq, (2.17) we
will have . * D a8y

ve—z+ R 3 [ n],
=1 r=k-1

Theorem 3. 2. If in the expansion of force function / there are no linear terms
and if in an arbitrarily small region in the vicinity of the equilibrium position of a non~
holonomic system, the function {/ and Expression (2, 21) are negative definite with res-
pect to variables ¢s (s = 1,..., k), the equilibrium becomes asymptotically stable
with respect to variables ¢, and gj on addition of dissipative forces.

Proof, Let us examine the function

0 (3.3)

k
, 86
V=H-B 2 % 5y (3.4)
i=1
The positive constant 8 can always be selected so small that the function / will be
positive definite, By virtue of equations of perturbed motion the total derivative with
respect to time of function I/ is

: g ! au S aU ]
V':Bi.w2(—é-—6)—- ha qrgq'lﬁ-‘r > ("3—qf+ 2 'é'(}_bri>"f’-v-] (3.9)
i=] ! i=1 ¢ r==k-}-1 d

where dots designate terms of no less than third order of smaliness with respect to g4
and ¢{. For sufficiently small positive B the function [/ will be negative definite
([2], p. 77). Consequently, all conditions of Liapunov's theorem on asymptotic stability
are satisfied, which proves the Theorem,

The proof of this theorem can be presented in a different way, According to Eq. (3,2)
the total mechanical energy of the system in its perturbed motion is dissipated until 31}
g’ ({ =1, ..., k) becomes equal 1o zero, However, under the conditions of the
Theorem this is possible only at the pointg; = 0 (; = 1,..., k),since from the property of
Expression (2, 21) of having a fixed sign it follows that in the vicinity of the equilibrium
position the generalized forces Q,*3=0, aslongas 4 =0 (i=1,..., k).

Corollary, If the force function does not depend on coordinates g, Expression

(2. 21) takes the form .
2% %=2u24-... (3.6)
i=1

and if Ugisa negative definite quadratic form of @1, the equilibrium position becomes
asymptotically stable on addition of dissipative forces.

Theorem 3, 3, Ifin an arbitrarily small region in the vicinity of the equilibrium
position the quadratic part of function /* is negative definite and conditions (2, 18) or
(2. 19) are satisfied, on addition of dissipative forces the position of equilibrium becomes
asymptotically stable in the first approximation with respect to variables @j and Q.J-

Proof., Let us examine the positive definite function
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- i=1 ol G0
and its total derivative with respect to time,
By virtue of equations of perturbed motion in which we shall take g, = 0

5 ) K n
V208898 X g gor 8 D ai (5o + D gb), _her (39
i=1 r

=1 r=k

Dots designate terms of no less than third order of smallness with respect ¢; and gj .

For conditions indicated, all conditions of Liapunov's theorem on asymptotic stability
are satisfied, which proves our statement,

Theorem 3, 4, The equilibrium position of a nonholonomic system which is un-
stable when conditions of Theorems 2, 3 or 2, 4 are fulfilled, cannot be stabilized through
dissipative forces,

Proof, Let conditions of Theorem 2, 3 be satisfied, Then in a region of arbitrarily
small values, in absolute magnitude of ¢4 and gj, we can select a region defined by in-
equalities (2, 20), Initial perturbations are selected in this region.”  The system left to
itself will move then according to Eq. (3,2). It follows from this that the total mechan-
ical energy of the system, being negative at the initial moment of time, will decrease
until all ¢;" (i = 1, ..., n) will become zero, However, in region (2. 20), Expression
(2,21) has a fixed sign, as a result of which generalized forces Qf' do not become zero
at any point of region (2, 20) with the exception of the origin of coordinates gy = 0,
Then on the basis of inequality

60— U8 — U0 (3.9
we arrive at the conclusion that a nonholonomic system eventually will leave any arb-
itrarily small region in the vicinity of equilibrium position (2. 4), The proof of instab-
ility in case of fulfillment of conditions of Theorem 2, 4 is analogous,

4, Examples, 1, Letusexamine a heavy homogeneous body of revolution with
a spherical base resting on a horizontal absolutely rough surface, The center of gravity
0 of the body is taken as the origin of the system of coordinates Qxl&Z. This system of
coordinates is rigidly connected with the body, The axis Zof this system is oriented up-
ward along the axis of revolution of the body,

The coordinate of the geometrical center 0; of the spherical base is designated by
@, on this axis, The radius of the base is designated by @, The horizontal plane will
be taken as the plane § 7] in the stationary system of coordinates § 1§ with the axis §
pointing vertically upward,

The position of the body will be determined by coordinates £ and T) of its point of
contact with the plane and Euler's angles 6, and @ The potential energy of the body
15 V = Mg (a — a, cbs 0)
where M is the mass of the body, ¢ is the gravitational acceleration. The position of
equilibrium of the body on the surface are determined from Eq,

V' /80 = Mga,sin® = 0+

In the position of equilibrium let 8 = 0,

Since )%
OV /00 =Megar. 8.2 — Mgay (02 4...)
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this position of equilibrium is, according to Theorem 2, 1, stable with respect o §; 1",
8°,0p°, ¥ and 8, if the center of gravity of the body is located below point () (21 > )
and unstable according to Theorem 2, 3.if the center of gravity is located above point
01 ( @y <0), The dissipative force - Q8" sets the stability according to Theorem 3, 2
as far as asymptotic stability in the case @1 >0.

2. Let us examine the problem of Kerkhoven-Vithoff on stability of equilibrium of
two heavy homogeneous bodies which nave the shape of hemispheres. One of these, witii
radius Ay, rests with its spherical surface on the horizontal plane, and the other, with
radius /75, rests on the top flat base of the first body, The surfaces of contact are con-
sidered absolutely rough, Retaining the nomenclature ( [3], p. 260) we take as Lagrange's
coordinates of the system the quantities  «,, By, 7,1, a2, b3, ¢, @ and P, a, b

Conditions of contact of the first body with the plane and the second body with the
first have the form

¢ = Ry — ¢yl yoR L by (4.1
while conditions of nonholonomic character have the form
0= Ry (V2 — Gg¥)) & — (Bo9,° + Roys — L) v/ (4.2}
B'= — Ry (v, + taPa) 02" + [Ry (1 — Yy (v + 1) — Bavo) — LBy

In Lagrange's coordinates, with accuracy to a constant, the potential energy of the
system has the form

V=1, (Ml + My)gh (¢2 + bs®) + Mg lejo — b, -+
A Yoly (92 + Bs®) — Va (B + Iy — B) (¢ + D] + ... {4.3)

Egs, of equilibrium (2, 3)
MygRacs (Vo — Qgyy) + MogRoby (Y1 + 0g¥e) = 0

MoglaBs — Maghg [Ry (1 — Y3 (9,2 + Bs?) — Bsve) — L] = 0
Maglyy, — Magey, (Rgv,® + Roys — 1) = 0 (4.4)
[Mlll - MZB - M2 (RZ - Iz)ng:? =
Myga + Mygliey — Myg (Ry — L) ¢, = 0
Bs=vmi=bi=a=a=p=0 (4.5)
For position of equilibrium (4, 5) function I/ does not have a minimum and conditions

of Lagrange's theorem are not satisfied, Let us apply Theorem 2,2, Linearizing Eqs, of
constraints (4, 2) and integrating we will haye
a =~ (Ry — Iy) 1 B = (R, — L) Bs (4.6)
Substituting (4, 6) into Expression (4, 3) and taking into account that
I, =% R; (i = 1,2), we will obtain
V* = g/ 16 [(3MR, — 5M,R,) (¢ -+ by?) — 10M, Ry (eyyy + baBa) +
+ 3M,R, (v2 + BD1 + ... (4.7)
The function // * will be a positive definite function of variables Bss V1 b3 and ¢,
under the condition

permit the solution

9M,R, > 40M,R, (4.8)

which according to Theorem 1,2 in the first approximation is the condition of stability
{4. 5) with respect to indicated variables and generalized velocities.
On addition of dissipative forces, derived from quadratic function of Rayleigh which
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is positive definite with respect to @', By’ 71, a5’ b5 and ¢/, the position of equil-
ibrium {4, 5) becomes in this case asymptotically stable in the first approximation,
In the case when

MR, < 4001, (4.9)

function [/ * can acquire negative values. Accotding to Theorem 2, 3, the position of
equilibrium (4, 5) will be unstable,
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